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BROWNIAN DYNAMICS SIMULATIONS
OF COLLOIDAL LIQUIDS: HYDRODYNAMICS
AND STRESS RELAXATION

D. M. HEYES* and A. C. BRANKA

Institute of Molecular Physics, Polish Academy of Sciences,
Smoluchowskiego 17/19, Poznan 60-179, Poland

(Received August 1995, accepted August 1995 )

We describe the statistical mechanics background and additional algorithmic features of a recently
proposed simple mean-field Brownian Dynamics algorithm formulated to include many-body hy-
drodynamics, using a local density approximation for the friction coefficient. We show that the equations
of motion satisfy the incompressibility of phase space. We make further developments to the model,
computing the hydrodynamic effects on the shear stress relaxation function. We show that stress relax-
ation takes place over two well-defined regimes, in both cases with and without mean field hy-
drodynamics, MFH. At short times ta*/D, < 1073, where a is the radius of the colloidal particle and D,, is
the self-diffusion coefficient at infinite dilution, decay of the stress autocorrelation function, C,(t) is
essentially independent of volume fraction and does not fit to a simple analytic form. At longer times than
ta®/Dy < 1072 the decay has the fractional exponential form ~exp(— t#)with B« 1. The transition
between these two regimes coincides with a rapid fall in the time-dependent diffusion coefficient from the
so-called short-time to long-time values. We do not find any evidence for power law decay in the C(t) as
predicted by recent mode-coupling based analytical expansions.

KEY WORDS: Brownian dynamics, colloidal liquids, hydrodynamics, stress relaxation.

1 INTRODUCTION

There is considerable interest in providing a theoretical description for the dynami-
cal behaviour of colloidal particles suspended in a liquid. A complete description is a
formidable (as yet unachieved) task as these systems contain interactions between
the colloidal particles that are both direct (‘thermodynamic’) in nature and also
consist of a configuration-dependent hydrodynamic interactions that are highly
coupled to the direct interactions. The latter are not well represented on a pair-wise
additive basis, as the thermodynamic interactions can be in many cases. In recent
years we have used a simple Brownian Dynamics algorithm, in fact the original
version invented by Ermak in 1975, [1] to model colloidal dispersions. This algo-
rithm ignores many body hydrodynamics, and while a useful reference model for
colloidal liquids, can fail seriously in certain cases. Notably, it gives a value for the
short-time time self-diffusion coefficient which is independent of solids volume
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fraction and is equal to that of the particle at infinite dilution [2]. In fact, the
short-time self-diffusion coefficient depends strongly on volume fraction [3]. Also
the algorithm exaggerates the appearance of long-range order at high shear rates
down to low volume fractions (e.g., 0.3 for spherical particles) [4], which in the light
of recent neutron and light scattering experiments is probably unrealistic [5].

A more rigorous model for the colloidal liquid dynamics requires the incorpor-
ation of solvent-mediated many-body hydrodynamics, MBH, effects. There are a
number of different methods currently being developed to introduce these effects.
One approach has been to couple the forces and trajectories of N model colloidal
particles through a pair-wise additive 3N x 3N diffusion tensor, D [6]. At infinite
dilution the analytic form of D is the Oseen tensor, which can be treated as pairwise
additive. However, as colloidal particle number density increases the analytic form
of D becomes more uncertain and the pair-wise additive approximation breaks
down. Higher order terms must be considered. The close approach of the colloidal
particles has to be treated in the so-called resistance formalism, in which the resis-
tance tensor, D™, is more closely pair-wise additive in the relative particle coordi-
nates (see e.g., [7]). A relevant adaption of this approach (especially in the context of
this work) was the proposal of van Megen and Snook to use an effective volume
fraction dependent two-body diffusion tensor in MBH [&].

There are other methods for treating the hydrodynamics, for example, by repre-
senting the host liquid on a lattice or a mesh using a lattice gas model or a
continuum mechanics solution of the creeping flow equations [9]. Each of these
methods has potential advantages for different applications, and eventually a range
of different methods will probably be in wide spread use. At this stage, it should be
noted that none of these are currently ab-initio methods, and they all require analyti-
cal and numerical approximations to provide working algorithms, the consequences
of which are not yet fully established.

Although admittedly simple, Ermak’s original hydrodynamics free or ‘Rouse-level’
algorithm has the advantage that there is an unambiguous relationship between the
properties of the constituent particles and the observed macroscopic behaviour
emerging from the simulation. In the MBH developments of this algorithm, de-
scribed above, this 1:1 correspondence is lost. Clearly the introduction of explicit
hydrodynamics couples all of the particle trajectories in a non-trivial manner. While
this is formally correct, the question we pose is: is it possible to model these systems
at a single particle mean-field level in a way that does not have this N x N coupling
and yet still is relevant for colloid macroscopic behaviour on a certain time scale? In
a recent article [10] we proposed an extension of the Ermak algorithm which
attempts to achieve this. By emphasising the so-called ‘long time’ behaviour, and
semi-empirically including the effects of the short time dynamics (through the known
short-time self-diffusion coefficients of the particles at arbitrary volume fraction) we
attempted to bypass the necessity to couple the Brownian forces to the diffu-
sion/resistance tensors, which is perhaps the most time consuming step in current
methods. In this manner, we have proposed a mean-field treatment of MBH cast in
essentially the same form as Ermak’s original algorithm. This new method has
increased the range of distance and time scale over the current MBH methods. 1t
should be noted that the proposed technique makes no attempt to follow the
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coupled trajectories on the time scale of a simulation timestep, as is the case for the
above described MBH schemes, but instead focusses on longer time behaviour, and
in this respect we consider that it is better referred to as a mean-field hy-
drodynamics, MFH, method. We consider that, as well as being significantly more
economical to implement, that the ‘scale of scrutiny’ is more appropriate for many
colloidal phenomenon of interest e.g., rheology and aggregation which are of most
industrial interest. (The short-time regime is of comparitively little interest in com-
mercial applications.)

In this report we provide a further analysis of the statistical mechanics underpinn-
ing the new algorithm, and some issues concerning computational implementation.
Also we compare the time dependent diffusion behaviour of the particles and stress
time correlation functions for simulation cases in which the Rouse and MFH dy-
namics schemes are used. We discuss these results in the light of recent analytic
predictions based on mode-coupling theory.

2 THEORY

We begin our analysis from the single particle distribution function for particle i,
P( r™), where rN=r,,...ry and r, is the coordinate of particle k. Initially we follow
the same derivation procedure of Ermak [1] except that we allow for the possibility
of a configuration dependent local self-diffusion coefficient. In the original treatment
this was a constant, and equal to the infinite dilution value, D,. Given an instan-
taneous force on particle i, F, at time ¢ and local self-diffusion coefficient, D,(r"), the
requirement of conservation of colloid mass leads to,

oP, y Di(r™)
o V.D{r"). VP, — V(k H>= n
where D(r") = ky T/{(r")and {(r") is the local friction coefficient.
0P, kgT, kgTVL, 1
=B yip V.P,—V. 2
o Ci( & )_l l (C, > @

The second term in equation (2) was not present in Ermak’s original work and has
been termed the “spurious flow” component by van Kampen [11]. It occurs because
the self-diffusion coefficient is local in space. On retaining only terms in gradients of

P; we have
0P, kgT 1/k TV.C )
=2 yp - V.P. 3
at Ci —i C;( Ci — ( )

In the above equation and below we assume V,{;=0and V.F,;=0 only when in-
volved in terms resulting in V,P,. This is an approximation and is justified on the
grounds that the terms in V,P; and V7P, dominate the diffusion equation. The
Smoluchowski equation is in fact only valid with a “sufficiently” soft interaction law
[12]. The effect of these two omitted terms appears in practice to be quite insignifi-
cant, as our simulation results show. The term in brackets in equation (3) is a force
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which can be considered as being partly thermodynamic and partly ‘hydrodynamic’
in origin. If we let,

Fo,=F +kgT{ 7'V, @

and assume that both terms in equation (4) are solely configuration dependent (not
depending on the velocities) then we can think of the force field F,,; as being derived
from an ‘effective’ position dependent interaction field U,. As both the terms on the
righthandside of equation (4) can be constrained to depend only on position, then
we can replace them by a single term, F ; derived from an interaction field, U,. The
statistical mechanical properties of this effective system are essentially those of the
Rouse-level Ermak system (albeit modified by a local friction coefficient). Substitu-
tion of Eqn. (4) in Eqn. (3) gives,

oP; (kgT_, F,
wo(tu-Lee) ©
This is in the form,
oP; .
—=LL
=P, ©)
where,
- kgT F,;
p=XoTga =%y, 7
Cl - Ci - ( )

1s the Smoluchowski operator L, which has the stationary distribution function,
P, = Aexp(— Uy/kgT) and associated Langevin equation of motion,

mf;=FH()—{f i+ Egp ®

The solution of which is,

3/2
47rD,-t> exp(— (&, — E ot/0)*)/4D ), ©)

P{rut.Fy) —<
for the particle i starting at time t =0 with a delta function distribution function at
r=0. Therefore a force field F , combined with a local formulation for the diffusion
coefficient gives an equilibrium stationary state corresponding to the interaction
field U,. Using this substitution we can treat the diffusion equation as if the local
diffusion coefficients or equivalently the friction coefficients are treated as constants
by the gradient operators. Therefore as,

oP, F;
—i_pvyp_-=%yp
R (10)

i

we have,

6Pi_ EO:
o =V, (DV In(P)P,—== ? )
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=Zi'<Dizi In(P) _%>Pi
= —V.(£,P), (11)

where

-DYV, ln(P)+_C°' (12)

Phase space incompressibility is a typical condition for equilibrium stationary states.
This can be written for the N — particle system as,

N
ZPiyi-fi=0- (13)
i=1
Substitute for ¥, from Eqn. (12) in Eq. (13) gives,
N N
YPV.Fi=— ) P,.yi.< DV, 1n(P)+_C°‘> (14)
i=1 i=1 i

which on substituting of P, from equation (9) into equation (14) gives,

Mz

PV i=— ipizi' <(_r: —F t/0)?)/AD t _% In(4=D;t) +%>- (15)
i=1 ;

i=1

This gives
N

~ 2 5p; 2Dt ri— Eot/0) =0. (16)

The latter equality arises because the distribution function of equation (9) represents
random displacements about the mean{(r; — F ;,t/{;) > =0. The expansion of P, is
solely in even powers of (r;— F,t/(;) therefore the term itself is a power series
expansion in odd powers of (r;— F ,,t/¢), which is zero. Therefore the proposed
equations of motion satisfy the incompressibility of phase space.

Turning now to the Brownian Dynamics algorithm derived from the equation of
motion corresponding to the diffusion equation (3). We have,

r(t + Aty =r(t) + (kg T{'VE + F (0)At/L + ArP(U(R)). (17)

The kgT{ ™ 'V{ term in equation (17) distorts the distribution function, causing the
algorithm not to generate a canonical ensemble for the configuration interaction
field of U corresponding to the force field F. However using,

F=F,—kT{7'¥( (18)
then an algorithm of the Ermak form,

r(t + A =r(t) + E(0) At/{(R) + Ar*(U(R)). (19)
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carried out with a force field F(f) will generate the canonical ensemble for the
interaction field U, where F,, = —V,U,. Therefore the algorithm will generate
states from the distribution function for an interaction field U,. In our previous
work we chose for {(R),

((R) = co<1 +CY e (1>> (20)

J#EI ij

where r is the separation between the particle centres, C is a constant, m is an
arbitrary exponent, and ¢ sets the energy scale. As yet we know little about the
analytic form of {; and how it depends on the configuration, R". The analytic form
adopted in equation (20) is reasonable in that (a) in the limit of zero volume fraction
it goes to the correct limit, {, and increases strongly at high volume fraction, as
would be expected to result from the crowding effects of the surrounding colloidal
particles. The range of the interaction we expect not to extend typically beyond the
first coordination shell of particles, which necessitates a large value for m in excess of
~12. (b) The analytic form chosen closely follows the interaction law, U, whose
stationary distribution of states we seek to achieve in the simulations. This chosen
analytic form for {,, allows us to achieve this with some simplification of the equa-
tions, as revealed below.

The important point here is that we must construct a force field F to use in
equation (19) to conduct the simulation that gives us a stationary distribution of
states corresponding to an interaction field U,. Therefore, for example, the simula-
tion will produce a radial distribution function that is the same as that would be
produced carrying out Ermak Rouse-level dynamics with the interaction field U,,.
We can choose any form for U, we like, as this combined with the { term in
equation (18) gives the F force field needed for the simulation algorithm of equation
(19). 1t is convenient to choose for U, in a pair-wise additive form,

UO(r, n) = 8(0./")"r (21)
then Fy(n)= — VYU (n). Now as a result of eqn. (19) we also can write,
— kg T 'V = CkyTL ™ E o(m). (22)

At present we have no strong arguments of favour of particular values of m given a
chosen value of n, so we adopt m = n, as this reduces somewhat the computational
effort and leads to a more compact position update algorithm,

r(t+ Ay =r(t)+ 1+ {,Chky TL™H(R)Eg(n, )AL/L(R) + ArP(((R)). (23)

It is important to emphasise that this algorithm generates a canonical ensemble for
the potential field defined by particles interaction via equation (21) at equilibrium.
In addition the parameter C in equation (20) and equation (23) can be adjusted to
give the experimentally measured short-time self-diffusion coefficient, D, which fits
well to the expression, [3]

Dy 1= 156¢)(1.0—0274). (24)
DO
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The relationship between the mean-square Brownian random displacements and D, is,
C(ArP)?) = 6ksT<L ™ (R)) At = 6D,At. (25)

The time dependent self-diffusion coefficients, D(t), were obtained from the force
auto-correlation function, generalising the treatment of Akesson and J6nsson, [14]

D(®)=D, ——J (1= /)<FO)/LO)- (FE)/LE) ar'. (26)

The long-time self-diffusion coeflicient, D,, (i.e., D (t — o)) fitted to the experimental
data [15] [16] between 0.04 < ¢ <0.5 is,

% =0.8(1.00 — 1.15¢)(1.00 — 2.00¢). 27)

0
For the inverse power potentials considered here, the interaction energy, pressure
and mechanical properties are trivially related [18]. The average interaction energy
per particle, u, defines all first order thermodynamic quantities and is given by,

lNN

=55 2 2 (Uylr)>. (28)

i=1 j#i

For example, the osmotic pressure is given by,
P=npluy/3. (29)

What réle does the so-called spurious flow term have on the dynamics of the model
colloidal particles? As was shown in ref. [10] omission of the hydrodynamic force
term causes the particles to approach too closely on average. Therefore the conse-
quence of simply modifying the Ermak algorithm by introducing a local friction
coefficient is to drive the particles more closely together. The hydrodynamic interac-
tion term provides an additional repulsive force’ that keeps the particles further
apart, and in the process re-establishes the correct distribution function for the given
interaction potential (labelled U, above). This additional term can be viewed as
being derived from an effective hydrodynamic potential field, Uy, corresponding to
an effective energy per particle i,

Uya,i = kg T In(C;/Co). (30)
The corresponding force is -
thdi= _V'Uhydi= —k TCTLY.'C" (3
From this can be computed the hydrodynamic stress tensor, g, 4, for this model. As
C,-(B)=£o(1 +CY, Uoij(r)>, (32)
Jj#i
then
k TC( r;
ghyd Op Z Z (rlc T C 1) : UOu’ (33)

i=1 j=i+1 U
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following the procedure given in Allen and Tildesley [13]. The form of Eqn. (33) has
the unusual term ( r,/{; — r;/{;), which might suggest a dependence of the value of
G nya ON the origin of the coordinate system. Letr, =r;+ Aand r ;=r’ + A represent
a shift in the coordinate system by A. On substitution of these transformations in
equation (33) we have,

k,TC
PRLILLES A S (34
i=1 j=i+1 ,]CC
and
kgTC
ghyd Cop Zl Z 1(- C _éjc I()u
i j=i+ u

kBTCCOp” !
st leA(i 07 U
The last term in Eqn. (35) will be zero on average on the grounds of symmetry, and
consequently Eqn. (33) is independent of the origin of the coordinate system. The
first term in Eqn. {35) is non-zero and is net trivially related to the thermodynamic
stress (see below).

The thermodynamic contribution to the stress tensor, ¢
as usual as for any molecular system term

(35)

O merme 111 this model is given

Giherm = Z Z (—u—u/ru Ou’ (36)

tljl+l

The total stress tensor is given by,
a= Tiherm + ghyd (37)

The Newtonian viscosity and linear response dynamic moduli are obtained using
the shear-stress time autocorrelation function, C(¢) defined as

N o 0,0) (38)

C= kT

where {---> indicates an average over time origins. The Green-Kubo formula can be
used to obtain the Newtonian viscosity of the model colloidal liquid through

Mo = j C, (). (39)

3 COMPUTATIONAL DETAILS

We consider a cubic simulation cell interacting with an inverse power potential
given in (21) with the values, ¢ = kz;T and n = 18,36 for this study. This interaction
would represent a stabilised colloidal particle and is sufficiently hard to be equival-
ent to a hard-sphere system for many purposes. The number of molecules in the BD
cell, N, is 256. The computations were carried out using a neighbourhood table list
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to speed up the search for interacting particles. Interactions were truncated for r;; >
1.3¢ (n=36) and r;; > 2.0¢ (n= 18) because of the rapidly decaying nature of the
pair potential interactions. The volume fraction, ¢ = nNg3/V, where Vis the volume
of the simulation cell, is V. The volume fractions chosen for our simulations, 0.3403
and 0.450 are well within the fluid phase for the n =36 and n = 18 fluids. We have
for example the fluid-solid coexistence volume fractions of 0.494 — 0.534 for n =30
and 0.488 — 0.534 for n =50 [19]. Calculated properties are quoted in particle based
reduced units, e.g., o for length, ¢ for energy, and o (m/e)!/? for time, where m is the
mass of the model colloid particle. A summary of the system of units in the BD
program is given in Appendix A.

The random displacement in the x—direction is given by the self-diffusion coeffi-
cient. Choosing a density independent reference value, the infinite-dilution self-diffu
sion coefficient, D,

(82> =2AtDy(T), (40)

where D, (T) = ks T/{. The time step, At is maintained constant during each simula-
tion (although there is no need to). We first select a desired root mean square
displacement for each cartesian component, J,,. This parameter is chosen to be smali
enough to prevent catastrophic overlap of particles and unrealistically large interac-
tion forces, and yet large enough so that a sufficient region of phase space is
explored without distorting the statistical averages. Equating (82> to {§2) gives a
formula for the time step,

At=582/2D(T). (41)

We chose the value of (52> on an empirical basis and investigated the dependence
of the calculated properties on this value. In Table 1 we use u to assess the optimum
value of the time step for the parameters: N = 256, n = 36, ¢ =0.3403 and T* =3.0.
First at §,,=0.007 we have u values that are statistically indistinguishable between
Rouse-level and MFH simulation methods, supporting our assertion that the two
algorithms produce the same ensemble for the interaction field U, With
d,, = 0.015 the Rouse algorithm is not stable, whereas the MFH algorithm is stable
although it shows some drift upwards in the value of u, which is significant at

Table I Average interaction energy per particle u calculated using
equation (28) . Key: (a) Rouse denotes the Ermak algorithm of equa-
tion (23), (b) MFH denotes 2 MFH hydrodynamics simulation carried
out using equation (23) with C=3.795. Key: T*=3.0, ¢ =0.3403
N =256. Standard errors in the last digit are given in brackets. A (—)
indicates that the algorithm was not stable. We have, D, (1)=D,

(T*=10).

Ol AtD,(1)a™? U e Uy
0.007 33x10°°% 0.879(4) 0.882(4)
0.010 6.7 % 1075 0.884(2) 0.889(4)
0.015 1.5x 107% - 0.895(2)

0.020 27x 107 - 0.919(2)
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d,, = 0.020. Therefore the value d,, = 0.007 is a good compromise value, which corre-
sponds to a time step of At =3.3 x 107 °a?/Dy(T* = 1).

4 RESULTS AND DISCUSSION

In recent years there has been much interest in the analytic form of the time
correlation functions in colloidal liquids. Based on a mode-coupling approximation
Cichocki and Felderhof have predicted a power law time dependence to the time
dependent self-diffusion coefficient, D (r) which in the absence of hydrodynamic
interactions goes as ~ t'/2 for t — 0 in the short-time limit and ~ t~%¥2fort —» oo
in the long-time limit [20]. They also assert that the shear stress relaxation function
decays as ~ t~7/* asymptotically with time [21]. This differs from our previous
results in which we found that the C, (1) can be represented very well by a so-called
‘fractional’ or ‘stretched’ exponential (except at very short times where this analytic
form underestimates the simulation C, (t)) [18]. The stretched exponential has the
analytic form

Cy(t) = G exp(—(t/7)"), 42)

where G, is the infinite frequency shear rigidity modulus. The parameters 7" and f
were found in that study by a least squares fit procedure. In this report we return to
this discrepancy, making a more detailed examination of our time correlation func-
tions. The difficulty with the previous least squares analysis is that, any departures
from the presumed behaviour (e.g., at very short time) are not characterised. Nor
does it discern whether alternative functional forms apply in different regions of
time. Another approach that does not have these deficiencies is to use a graphical
manipulation of the computed normalised (i.e., C_,(0) = 1) functions. (This procedure
has been suggested previously, e.g., [22].) For an exponential decay C,, ()= exp
(—1t/7), for example, we have that.In (C,,(¢)) is linear with slope — 1~ ! when plotted
against t. For a stretched exponential In (—In(C,,(¢))) has a slope of § and an
intercept of — f In(1’). An algebraic decay C_,(t) = At™* when plotted as In (C,,(¢)) vs.
In (t) has a slope of —a. Therefore a graphical representation of these computed
functions should indicate clearly which of these analytic forms (if any) the data
conforms to.

In Figure 1 we show a In (—In(C, (1)) vs. In (t) plot for three Rouse-level state
points (a) ¢ =0.3403 n =136, (b) ¢ =0.450 n= 36, and (c) ¢ =0.3403 n = 18. These
are the three upper curves at long time on the figure. At times less that 10732 4?/D,,
we found that for the same value of n all the curves coincide. (We were not able to
find a simple analytic functional form that fitted this part of the curve.) There then
follows a transition region for longer time which develops for t > 1072 a2/D, into a
good straight line, indicating the fractional exponential behaviour. This linear be-
haviour is the same for all volume fractions and the two potentials. If the correlation
functions were power law analytic we would expect a linear curve when In (C, (7)) is
plotted vs. In (t). The three correlation functions are replotted on the same figure in
this form, as the three lower curves at long time. There is a continouous decrease in
slope with increasing time. At no point can a straight line justifiably be ascribed to
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Figure 1 Volumes fraction and potential steepness dependence of the Rouse-level BD normalised shear
stress autocorrelation functions, C_ (t). The three upper curves at long time (solid lines) are In (—In(C_ (¢)))
vs. In {t) from top to bottom: (a) %=36 and ¢ =0.3403, (b) n=136 and ¢ =0.450, and (c} n= 18"and
¢ = 0.450. A linear regression was made in the interval [ — 4, — 1]. The lower dashed curves are the same
data plotted as In (C_ () vs. In (1), in the reverse order from top to bottom.

these curves. Therefore we maintain our previous assertion that at long times the
shear stress autocorrelation function decays as a fractional exponential.

There appears to be two quite distinct regimes in the stress relaxation process.
The first is essentially independent of density and presumably corresponds to the
equivalent of the ‘free-flight’ short time regime observed in molecular systems. Al-
though here the dynamics is always diffusive, even in the ¢ — At limit. (Phenomena
on time scales <At are beyond the scope of the current algorithm.) In Figure 2 we
compare the decay of D (¢) with In (—In (C,(#))), vs. In (). The volume fractions
0.3403 and 0.450 using n = 36 are considered. It shows that D(¢) still has an appreci-
able proportion left to decay by the time the stress autocorrelation function has
entered the fractional exponential regime (upper linear regime on the figure). There-
fore we can only ascribe at this stage the linear regime in the stress autocorrelation
function to be associated with the approach towards the long-time asymptote of D(t).

In Figure 3 we show the thermodynamic contribution to C, (t) for the Rouse and
MFH models at the ¢ =0.3403 and 0.450 states with n = 36. Interestingly, although
both manifest the same two-time regime behaviour, the MFH case is more clearly
linear in the first regime, so that the MFH model appears to produce two regimes of
fractional exponential behaviour.

In Figure 4 the stress autocorrelation function derived from a MFH simula-
tion with the parameters: ¢ =0.3403, n=36, N=256, C=380 and T*=10
is given. This value for C gives a computed D/D, =042 which is statistically
the same as the experimental value from eqn. (24). As revealed in the figure, the
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Figure2 A comparison between In (—In (O (3) (solid lines) and (dashed lines) D(t) vs. In (¢) for the
Rouse-level n =36 data. Key: Upper solid curve (upper dashed curve) ¢ = 0.3403, and lower solid curve
(lower dashed curve) ¢ = 0.450.
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Figure3 A comparison between Rouse-level (solid lines) and MFH (dashed lines) In (—In (C,, @) vs.
In(t) for n=36 and at two volume fractions 0.3403 (upper solid and dashed lines) and 0.450 (lower solid
and dashed lines).
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Figure 4 The shear stress autocorrelation function derived from a MFH simulation with the parameters:
¢ =0.3403, n =36, N=256, C=380 and T*=10. The three components (thermodynamic, hydro-
dynamic and cross) are indicated on the figure.
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The integrated viscosity is 7,/n,= 8.5 (1), while the experimental value from the
Krieger-Dougherty equation is 4.7. One of the deficiencies of the current algorithm
is that the local friction coefficient is optimised for the self-diffusion behaviour, and
the definition of the shear stress and hence viscosity is rather poorly specified by
comparison. The algorithm makes no attempt to follow the solvent flow patterns in
the host liquid phase. Therefore it is to be expected that the shear stress of the
system is deficient. This is an area that needs improving in future developments of

the model.

5 CONCLUSIONS

One of the current goals of discrete particle simulation is to generate a realistic time
evolution of a dense suspension in a computationally efficient manner. Here we have

0.7
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continued our development of a new approach to this difficult problem. Following
traditional Brownian Dynamics techniques, we include non-trivial hydrodynamic
effects. Rather than through a poorly converging expansion of the Oseen far-field
limit, we use a semi-empirical dense fluid reference state chosen to achieve the
correct short-time diffusion behaviour.

We have established the formulae for the stress tensor in these systems, and
computed the components from the hydrodynamic and thermodynamic parts to the
shear stress autocorrelation function. We have also investigated further the time
dependence of the shear stress autocorrelation function, confirming our previous
observation that for times in excess of t > 10~2 a?/D, the decay is of the fractional
exponential form and not power law in time.
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APPENDIX A

The program units for length (L), mass {M) and energy (E) are L* = L/g, M* = M/m
and E * = E/¢ where ¢ and ¢ are defined in the pair potential of eqn. (21). Mass is the
mass of the colloidal particle. Mass plays no significant role in a BD program in the
creeping flow limit, which is the case here. It remains to express the solvent related
properties in these basic units. The friction coeflicient, {, = 3nay, is the viscosity of
the solvent. Then (¥ = 3no*n¥ = 3nn*. It is convenient to engineer that {§ = 1 which
means that n¥ =1/3n.

The infinite dilution value for the self-diffusion coefficient, D (T)=kzT/(§.
Therefore in reduced units, D¥(T) = kzT/(% = T*. If we define D (T* =1)=D{ (1)
then D¥(1)=1. From this a reference reduced relaxation time can be defined as
t,=a?/D, (1) where a is the radius of the colloidal particle. We have t} = a**/D}
(1)=1/4. The particle-based unit for time is o (m/e)'/* and therefore 7,=4"" ¢
(m/e)*’2. An alternative reduced time and self-diffusion coefficient would be also to
scale out the temperature as well. However, this would complicate the interpretation
of situations in which temperature effects are of importance and non-trivial, such as
in the study of flocculation.
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